We present a measurement of neutrino oscillations via atmospheric muon neutrino disappearance with three years of data of the completed IceCube neutrino detector. DeepCore, a region of denser instrumentation, enables the detection and reconstruction of atmospheric muon neutrinos between 10 GeV and 100 GeV, where a strong disappearance signal is expected. The detector volume surrounding DeepCore is used as a veto region to suppress the atmospheric muon background. Neutrino events are selected where the detected Cherenkov photons of the secondary particles minimally scatter, and the neutrino energy and arrival direction are reconstructed. Both variables are used to obtain the neutrino oscillation parameters from the data, with the best fit given by ∆m In the 1990s, Super-Kamiokande's measurements of atmospheric neutrinos [1] led to the acceptance of the mass-induced oscillation model. As of today, the three mixing angles, the solar mass splitting and the absolute value of the atmospheric mass splitting that control the oscillation phenomenon have been measured [2] [3] [4] [5] [6] [7] [8] [9] [10] . The existence of CP-violation and the ordering of the masses remain open issues [11, 12] . Addressing these issues requires improving the measurement precision on the known parameters and measurements sensitive to the modification of oscillation probabilities as neutrinos traverse matter [13] [14] [15] .
In the following, we focus on the measurement of the oscillation parameters θ 23 and ∆m 2 32 . Their most precise measurements come from densely instrumented ν µ longbaseline experiments that study neutrinos with energies up to a few GeV created in accelerators (MINOS [9] and T2K [8] ), or in the atmosphere extending above 10 GeV (Super-Kamiokande [10] ). In contrast, the measurement presented here achieves comparable precision using atmospheric neutrinos at higher energies, from 10 GeV to 100 GeV, recorded with a sparsely instrumented detector located in a natural medium.
The IceCube detector-The data used for this measurement were collected by IceCube [16] , an ice Cherenkov neutrino detector located at depths between 1450 m and 2450 m at the geographic South Pole. IceCube consists of 5160 downward-facing 10" PMTs, enclosed in glass spheres together with the electronics necessary for signal digitization and readout, known as digital optical modules (DOMs) [17] . The detector consists of 86 strings, 78 of which are arranged in a triangular grid, with a typical distance of 125 m between closest neighbors. Sixty DOMs 17 m apart are arranged on each of these 78 vertical strings. A charged particle passing through the array emits Cherenkov radiation and is detected and reconstructed using the arrival time of the photons and the charge recorded by the DOMs.
The lower center of the array, starting at a depth of 1760 m and extending into the clearest ice down to 2450 m, contains a region of denser instrumentation known as DeepCore [18] . Here, eight of the 86 strings that form IceCube are irregularly placed, reducing the string-to-string distance to 40 − 70 m. These strings have PMTs with 35 % higher quantum efficiency than the standard IceCube PMTs and a smaller separation of 7 m in the vertical direction. As a result the energy threshold for detection and reconstruction of neutrinos in DeepCore is reduced by an order of magnitude with respect to IceCube, to about 10 GeV.
Neutrino oscillations in IceCube DeepCore-The IceCube detector records over 10 5 atmospheric neutrinos every year, a large fraction of them in the DeepCore subarray [18] . These neutrinos come from all directions, covering baselines through the Earth from 10 km to about 12700 km depending on their arrival zenith angle, θ z . Above GeV energies they follow a steeply falling spectrum [19] [20] [21] [22] [23] that covers several orders of magnitude up to a few hundred TeV.
Neutrino oscillations modify the flavor ratio of the flux of atmospheric neutrinos at the detector site. The most prominent effect on the neutrinos that DeepCore detects is the disappearance of ν µ , modulated by the large mass splitting ∆m 2 32 ∆m 2 31 and the mixing angle θ 23 [13] . The best measured values of these parameters [8] [9] [10] predict maximum disappearance at E ν ∼ 25 GeV for paths that cross the entire Earth (cos θ z = −1). Neutrinos with lower energies reach maximum disappearance in shorter baselines (cos θ z > −1). In this analysis, ∆m 2 32 and θ 23 are derived from the distortions on the expected ν µ flux.
Muon neutrino charged current (CC) interactions in the ice with energies between 10 GeV and 100 GeV typically produce a minimum-ionizing muon track and initiate a hadronic shower, both of which emit Cherenkov light. The signature of these interactions in DeepCore are individual Cherenkov photons, partially scattered due to the optical properties of the ice. The light produced by an event with these characteristics is usually recorded by about ten DOMs, the majority of which are on the same string. Figure 1 shows the detector's response for one such interaction.
The dominant sources of background for this measurement are atmospheric muons, CC interactions of electron and tau neutrinos, and neutral current interactions of all neutrino flavors. Atmospheric muons trigger the detector at a rate 10 5 times higher than the ν µ CC rate, which itself is three times higher than the combined rate of all other neutrino interactions.
Event selection and reconstruction-The measurement consists of three main parts: selection of starting ν µ CC events, event reconstruction, and extraction of oscillation parameters, described in detail in [24] . The event selection has the goals of reducing the background and selecting events that can be reconstructed accurately, i.e.
where the scattering of the Cherenkov photons has not diluted the information about the interaction. The starting point of the selection is the dedicated DeepCore trigger and filter [18] , designed to have a low energy threshold and reject atmospheric muons.
The remaining atmospheric muon background is removed by searching for muon tracks which enter the DeepCore volume from outside and pass near to the DOMs that triggered the detector, using the outer part of the DeepCore detector as a veto region, similar to what was done in [25] . The variables used are the position of the earliest DOM involved in the trigger, the total charge observed in DOMs above and prior to the trigger, the number of DOMs above threshold in a narrow time window of [−150, +250] ns in coincidence with the photons expected from an atmospheric muon hypothesis, and the charge collected as a function of time (dQ/dt). Events reconstructed with cos θ z > 0 by the fast track reconstruction in [26] and the maximum likelihood reconstruction in [27] are also tagged as atmospheric muons. The veto cuts bring the atmospheric muons and neutrino events to similar rates, while keeping about 40 % of the muon neutrinos in a simulation sample.
The neutrino interactions of interest result in only a few DOMs with photon hits (see Fig. 1a ), which are likely to have scattered before detection. Requiring a minimum number of direct photons preferentially selects events that occur close to a string, and thus reduces the impact of the scattering in the ice and ensures a well reconstructed event. Direct photons are identified by exploiting the fact that Cherenkov light is emitted in a cone and thus the depth at which a photon arrives at a DOM in a string as a function of its time of arrival is described by a hyperbola (see Fig. 1b and [28] ). When photons scatter they are deflected and delayed, which makes them fall outside the expected hyperbola. Even in the presence of multiple Cherenkov emitters, the arrival time of photons can be well approximated by a single hyperbola.
The direct photon identification procedure looks for signals that match the hyperbolic pattern iterating over one string at a time and without the need of a track or hadronic shower hypothesis. Each DOM is characterized by the time of arrival of the earliest photon in that event and the total charge observed. The DOM with the highest charge is used as the starting point. A time window is defined for accepting a photon in the DOM directly above or below, given by |∆z DOMs /c ice | ± t delay , where ∆z DOMs is the distance between the DOMs, c ice is the speed of light in ice and t delay is the time delay allowed, set to 20 ns for this analysis. Each selected DOM is used to calculate the expectation for the next to be tested. The selected DOMs of the string being tested are considered directly hit only if three or more are found.
The photons identified as direct by this method have a mean arrival time delay due to scattering of 18 ns, while the others have a mean delay of 230 ns. An event is se- lected only if at least a total of five DOMs with direct photons are found, a criterion that retains about 30 % of the muon neutrinos in the relevant energy and zenith angle range. The agreement between data and simulation after this cut is shown in Fig. 2 , where the difference between expected and observed arrival time of photons are compared. Following [28] , the direct photons of an event are used to fit two topology hypotheses for Cherenkov emission, from a single point and along a track, using a χ 2 optimization assuming no scattering occurred. For a tracklike emitter, the orientation of the hyperbola depends on the zenith angle of the incident track. The hyperbola projected by light emitted from a single point has a fixed shape, which is different from that produced by a track. The ratio of the reduced-χ 2 of the track-like and pointlike hypotheses is used to select events with a muon track, e.g. ν µ CC events.
The zenith angle obtained from the fitted track hypothesis is used as one of the observables in the measurement, and the reduced-χ 2 of the fit is used as a cut variable. An example of a reconstruction is shown in Fig. 1b , together with the expectation from simulation and the same reconstruction shifted by 25
• in zenith angle, illustrating how much this hyperbola differs from the observed pattern.
To estimate the neutrino energy, events are assumed to be ν µ CC interactions starting inside the DeepCore volume, composed of a single hadronic shower and a minimum-ionizing muon track originating at the interaction point. The position of the interaction point along the fit zenith direction, the brightness of the hadronic shower and the range of the muon are varied to find the best match to the photon pattern observed in the detector, and thus the total neutrino energy. The reconstruction is performed in two steps, first determining the muon propagation length, and then making a combined fit of the light pattern left by a hadronic shower and a muon track at the interaction point. Both steps use a maximum likelihood method and a detailed description of the optical properties of the ice [29] . The energy distribution of the final analyzed neutrino sample, as given by the simulation, is shown in Fig. 3 . The neutrino sample 1 is composed of 74 % ν µ CC, 13 % ν e CC, 8 % neutral current interactions and 5 % ν τ CC. The expected atmospheric muon contribution to the final sample, from simulation, is less than 5 %. The median zenith angle resolution obtained for ν µ events is 12
• at E ν = 10 GeV and improves to 5
• at E ν = 40 GeV. The median energy resolution is 30 % at 8 GeV and improves to 20 % at 15 GeV.
Data analysis-To determine the oscillation parameters, a binned maximum likelihood is used with nuisance parameters to account for systematic uncertainties [30] . The data are binned in an 8×8 two-dimensional histogram as a function of log 10 (E reco /GeV), between 6 GeV and 56 GeV and cos(θ reco ) between -1 and 0. The likelihood contains a Poisson term, which compares the number of observed and expected events per bin for a given set of physics and nuisance parameters, and a Gaussian term, which penalizes the variation of the nuisance parameters with respect to their best known value. The statistical error of the simulation is negligible and not included.
The physics parameters of the fit are the mixing angle θ 23 and the mass splitting ∆m 2 32 . Oscillation probabilities are calculated using a full three-flavor scheme [31, 32] , including the effects of the Earth's matter distribution, as given by the Preliminary Reference Earth Model [33] . The mixing angle θ 13 is treated as a nuisance parameter using the constraints from [30] . The remaining oscillation parameters are fixed to the values given in [34] , as their uncertainties have a negligible impact on the result.
The nuisance parameters related to the flux are the atmospheric neutrino flux normalization and its spectral 1 A detailed description of the final event selection can be found in http://icecube.wisc.edu/science/data/nu_osc.
index, as well as the ratio of ν e /ν µ . The template for the atmospheric muon contribution is obtained from inverting the veto cuts on the data, and its normalization is unconstrained in the fit. Detection uncertainties included are the DOM optical efficiency and the optical properties of the refrozen ice columns around the DOMs. The impact of the description of the optical properties of the pristine bulk ice is tested by analyzing the data with two ice models [29, 35] . than the alternate, is taken for the final results quoted here. For both models, the values of the nuisance parameters at the best fit point are within the assumed uncertainties and the atmospheric muon contribution to the final sample is fit to 1 %. A cross check was performed by fitting the data in an unbounded two-flavor scheme, which yielded consistent results.
The simulation is in good agreement with the data, with a χ 2 /d.o.f.= 54.9/56 for the energy-zenith angle histogram used in the fit. Figure 4 shows the agreement between data and simulation as a function of reconstructed baseline over energy (L reco /E reco ), a variable that does not directly enter the analysis.
The 90 % confidence contours on the atmospheric oscillation parameters derived from this analysis, compared to the results from other experiments, are shown in Fig. 5 . While the measurement is made at higher energies than other experiments (see Fig. 3 ), the results are compatible and the precision achieved is comparable.
Higher statistics, ongoing improvements in veto algorithms, new reconstruction and analysis techniques, and a better understanding of the detector will enhance the sensitivity of the oscillation studies with IceCube in the near future. This could be further improved by deploying additional instrumentation within the DeepCore array to collect more light per event and thus increase the statistics around E ν = 10 GeV, as proposed in the Precision IceCube Next Generation Upgrade (PINGU) [36] .
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